ABSTRACT. Given a left noetherian k-algebra A graded by a group G, an injective object I in the category of G-graded A-modules and a morphism from G to another group G ′ , we provide bounds for the injective dimension of I as a G ′ -graded A-module. For this, we use three change of grading functors. Most of the constructions concerning these functors work in the context of H-comodule algebras, where H is a Hopf algebra, so we develop them in this general context.
INTRODUCTION
In [VdB97] , M. Van den Bergh states that if A is a left noetherian N-graded connected algebra over a field k and I is an injective object in the category of Z-graded A-modules, then I has injective dimension at most one when considered as an A-module. He leaves the proof of this fact as "a pleasant exercise in homological algebra". In this note we prove a general version of this result: we provide bounds for the injective dimension of a graded injective module when the grading changes. This is useful for example when one wants to study how A-modules behave with respect to a property which is valid for graded A-modules. Notice that B. Fossum and H. Foxby had already proven in [FF74, Theorem 4 .10] the statement in Van den Bergh'a article for A commutative, using localization techniques. Also, A. Yekutieli gave in [Yek14] a detailed proof of Van den Bergh's statement. Our proof is completely unrelated to the ones found in either of these references and it deals with arbitrary grading groups and change of gradings in the non necessarily commutative case.
Just to get an idea of the situation, let us start by looking at a possible solution to Van den Bergh's exercise. Let A be a Z-graded algebra and let N be a left A-module. We can turn N ⊗ k k[t, t −1 ] into a Z-graded left A-module, with the action of an element a ∈ A of degree l ∈ Z given by a · (n ⊗ t r ) = an ⊗ t r+l for all n ∈ N and r ∈ Z. There is an A-linear surjective map
Thus we obtain an exact sequence of A-modules
As a sequence of k-modules, it is the tensor product of N with the minimal projective resolution of k ∼ = k[t, t −1 ]/(t − 1) as a k[t, t −1 ]-module. Let I be an injective object in the category of Z-graded left A-modules. Since N ⊗ k k[t, t −1 ] is a Z-graded left A-module, it is natural to ask whether the fact that I is graded injective implies that Ext i A (N ⊗ k k[t, t −1 ], I) = 0 for all i > 0; in Prop. 3.2, we prove that this holds if A is noetherian. Thus, in this case we have a resolution of length 1 of N by left A-modules which are acyclic with respect to the functor Hom A (−, I); this proves that Ext 2 A (N, I) = 0. Since N is arbitrary, we deduce that the injective dimension of I in the category of A-modules is at most 1.
Motivated at first by the example of change of grading considered in [RZ] , the objective of this note is to put this result in a more general perspective, showing how injective dimension changes when we change the grading group over a fixed algebra. We show that the general case follows the same pattern as the Z-graded case, and requires little more than general homological algebra. For this, we define three change of grading functors. These functors arise in the more general situation of A-modules endowed with two different comodule structures over two Hopf algebras related by a morphism.
We prove the following result. Theorem: Let A be a noetherian G-graded k-algebra and let ϕ : G −→ G ′ be a morphism of groups. Let n be the projective dimension of kG ′ as a G ′ -graded left kGmodule. Given a G-graded injective A-module I, the injective dimension of I when considered as a G ′ -graded A-module through ϕ is less than or equal to n.
In Section 2 we first recall some definitions and fix notations. Afterwards we define the change of grading functors in the Hopf algebra setting and prove useful properties about them.
In Section 3 we specialize to the group-graded situation and we prove our main result.
In Section 4 we obtain bounds for the injective dimension of a graded module when the grading changes through a group morphism.
Throughout this work k denotes a commutative ring with unit and A is a k-algebra, projective as k-module. All unadorned tensor products are over k, and all Hopf algebras will also be projective as k-modules.
We thank Mariano Suárez-Alvarez for a careful reading of a previous version of this article.
GRADED ALGEBRAS AND MODULES
2.1. Some definitions and notations. Let A be a k-algebra and let G be a group. The algebra A is G-graded if it can be decomposed as the direct sum of sub-k-modules A g indexed by G such that
The k-module M g is called the homogeneous component of M of degree g. We consider k to be a G-graded algebra with k 1 G = k and all other components equal to 0.
A G-grading on A is equivalent to a right kG-comodule algebra structure on A, and a G-graded left A-module is a left A-module with a compatible structure of kG-comodule, that is, the following diagram commutes:
where µ M denotes the action of A on M and ρ M , ρ a⊗M denote the respective kG coactions. Given a Hopf algebra H, we will denote by A Mod H the category of left Amodules with compatible structure of right H-comodules.
The morphisms in A Mod kG , which we shall denote Hom kG A− (−, −) are homogeneous of trivial degree. For any f ∈ Hom kG A− (N, M) and g ∈ G we write f g for the k-linear map f g : N g −→ M g obtained by restriction and corestriction of f, and we call it the homogeneous component of f in degree g. Notice that f is determined by its homogeneous components.
Given a G-graded left A-module M and g ∈ G, we denote by M(g) the A-module M with a new G-grading, whose homogeneous components are given by
to be the morphism whose underlying function is the same as that of f. It is easy to see that f(g) is homogeneous of trivial degree. Thus we obtain the g-shift functor, denoted by Σ g : A Mod kG −→ A Mod kG . One can check that Σ g • Σ g −1 = Id, so the g-shift functor is an automorphism of A Mod kG .
An obvious example of a G-graded algebra is the group algebra kG. We will write u g for the canonical generator of the homogeneous component of kG of degree g, that is (kG) g = ku g .
Change of grading functors.
Let H and H ′ be two Hopf algebras and let ϕ : H −→ H ′ be a morphism of Hopf algebras. Suppose we are given a right H-comodule algebra A with structure morphism ρ H A :
Of course the same idea works with left H-comodule algebras; in particular, we consider H as a left H ′ -comodule algebra with structure map ϕ ⊗ 1 • ∆ H .
The morphism ϕ induces two functors
which we now define. Given an object M of A Mod H with structure morphism ρ H M : M −→ M ⊗ H, the object ϕ ! (M) coincides with M as A-module, while its structure morphism is
we set ϕ ! (f) = f. It is easy to check that the functor ϕ ! is well defined. We say that ϕ ! is obtained by restriction along ϕ. Now, given an object N of A Mod H ′ , we define ϕ * (N) as N H ′ H, where H ′ is the cotensor product of H ′ -comodules; here we consider H as a left H ′ -comodule through ϕ. Notice that N ⊗ H has a left A ⊗ H-module structure. Since ρ H A : A −→ A ⊗ H is a ring homomorphism, it induces a left A-module structure on N ⊗ H. The subspace
The cotensor product has been defined originally in [EM66] . The functors ϕ ! and ϕ * are A-equivariant versions of those introduced in [Doi81, 1.2]. Proposition 2.1 below corresponds to Proposition 6 of that article. = N, which is also A-linear. These are respectively the unit and the counit of the adjoint pair (ϕ ! , ϕ * ). The hypothesis of the last part of the corollary is satisfied for example when H ′ is a group algebra over a field, since in this case H ′ is cosemisimple and thus every comodule is injective.
By definition the functor ϕ ! is exact and reflects exactness, meaning that a complex in
For the rest of this subsection, k will be a field. 
Proof. Since H ′ is cocommutative, given T ∈ H Mod H ′ , the k-module N H ′ T is an H ′ -comodule and it has an A-module structure given by a(n ⊗ t) = a 0 n ⊗ a 1 t, compatible with the H ′ -comodule structure. We can thus view N H ′ − as a functor from H Mod
.6] and originally [Sch90] , if the antipode of H ′ is bijective -and this is the case here-, then there is an equivalence of categories Θ :
H ′ has enough projectives and each projective object is a direct summand of a direct sum of copies of H. Fix a projective resolution
Since each P i is a direct summand of a free module in H Mod H ′ and H is free as an H ′ -comodule, this is a flat resolution of H ′ so, if we consider the complex N H ′ P • , it is acyclic in positive degrees and its homology in degree zero is isomorphic to
, which is isomorphic as object of A Mod H ′ to the direct sum of n i copies of ϕ ! (ϕ * (N)). Thus setting
This map is injective since the corestriction of η : ϕ * (ϕ ! (M)) −→ M ⊗ H defined as m ⊗ g → m 0 ⊗ S(m 1 )g is a left inverse of ζ. Clearly ζ is an isomorphism if H and M are finite-dimensional, and it is easily checked that this also holds if H and H ′ are group algebras. We do not know if this holds in more general situations.
THE GROUP ALGEBRA CASE
We now focus on the case in which H = kG and H ′ = kG ′ are group algebras and ϕ : H −→ H ′ is induced by a group morphismφ : G −→ G ′ . In this case, we have L = kL withL = kerφ. As a particular case of the previous constructions, the morphism ϕ : G −→ G ′ induces a G ′ -grading on A via the functor ϕ ! , the homogeneous G ′ -components are
Proof. In this case the map η : ϕ * (ϕ ! (M)) −→ M ⊗ H defined at the end of the previous subsection is a two-sided inverse of ζ, so
H , and the morphism in the statement is the composition of this map with ζ.
cokernel, which has injective dimension d − 1 in A Mod kG . We get a short exact sequence of G ′ -graded modules
Using a standard argument, id Levasseur has proved in [Lev92, 3.3 ] that if A is noetherian and N-graded, its injective dimension and its graded injective dimension are equal. The proof of this result uses a spectral sequence which is not available if the grading group is not Z. It would be interesting to find a different proof using the change of grading functors, but we have been unable to do so. We can, however, prove the following result, which holds even if the algebra A is not noetherian and thus provides a generalization of Levasseur's result. Recall that an N n -graded algebra is a Z n -graded algebra such that the support {ξ ∈ Z n | A ξ = 0} is contained in N n .
Proposition 4.2. Suppose
A is an N n -graded algebra and let ϕ : Z n −→ Z be the morphism defined by ϕ(a 1 , . . . , a n ) = a 1 + · · · + a n . The injective dimension of A in Mod Proof. Since we already know that id Z n A A ≤ id Z A A by Proposition 4.1, we only need to prove the opposite inequality. For every n ∈ N the set ϕ −1 (n) ∩ N n is finite, so
It follows from this that ϕ ! (A) = ϕ * (A) and, since ϕ * is right adjoint to the exact functor ϕ * , it preserves injectives; in particular, id 
